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several times. The body pitch rate manifests more flailing
behavior as can be seen from the broken line W 10 in Fig. 3.
The reconstructed radome error curve 7-H, as shown by the
dots, still follows very closely the boresight error (the solid
curve Z). The comparison of the estimated slope and the ac-
tual one was very difficult due to the ambiguity in the average
and local slope calculations during the hybrid run. By not
estimating the cross-plane slope simultaneously, we make the
missile roll attitude contribution inseparable.

After imbedding this adaptive estimator into terminal
guidance forward simulation program to perform the closed-
loop analysis, some encouraging results have been obtained.
Depending on the actual radome error and the approaching
trajectory, the improvement in the miss distance performance
index ranges 20-50%. In Ref. 1, the estimated radome error
slope is used in guidance and autopilot commands to provide
an optimal pitch rate compensation scheme for a modified
proportional navigation system and an optimal controller.?
Using P, the probability of radome error being in the

positive and negative regions, to scale the pitch rate compensa- -

tion for enlarging the radome stability region, has also
demonstrated reduced excitation in acceleration commands.

Conclusion

A Kalman filter bank is designed to enhance the dynamic
response time for the radome error slope estimate with com-
pensation for the seeker dynamic lag. In calculating the critical
weighting coefficients (a posteriori probabilities) a measure-
predict-measure technique is used when the semi-Markov
statistics of a random starting process are used to make the in-
termediate predictive step. That is, the resulting estimated

radome slope parameter is the statistical average weighted by’

time-varying, a posteriori hypothesis probability, which is
calculated concurrently with the recursive filter scheme by us-
-ing Bayesian rule. To reduce computation burden, the Kalman
filter bank is digitally simulated and designed by tuning the
noise processes, including the measurement and plant noise, to
allow a one-time calculation of the Kalman filter gain. The
simple one-state filter described above can be modified to in-
clude a correlation parameter for studying the cross-plane er-
rors. The bank of Kalman filters can be increased to five to
enlarge the dynamic range while reducing the system response
time simultaneously and to estimate the cross-plane radome
error slope simultaneously for three-dimensional engagement.
The adaptive radome estimator design is intended to be an
‘‘add-on” compensation network that is independent of
guidance computer and autopilot design. The objective is to
permit relaxation of missile bandwidth requirements by reduc-
ing error due to radome at the guidance computer output thus
enhancing missile performance.
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Controllability and Observability
of General Linear
Lumped-Parameter Systems

~ Mehdi Ahmadian*
Clemson University, Clemson, South Carolina

Introduction
HE dynamic¢ behavior of a general linear discrete system

can often be represented by the second-order vector dif-
ferential equation

M (1) + Cx(t) + Rx(t)=0 8))

where M, C, and K are the mass, damping, and stiffness
matrices. Here, C and K are general asymmetric matrices that
include general types of forces (e.g., elastic, nonconservative,
dissipative, and gyroscopic).! Assuming M to be nonsingular
(i.e., det M#0), Eq. (1) can be simplified as '

() +CX() +Kx(£) =0 2
where

C=M-1C (3a)

K=M-1K (3b)

The presence of control forces modifies the equation of mo-
tion as

X+ Cx+Kx=f )
where

f=Bu ®

is the n, X 1 control vector and B is the influence matrix for the
n, control actuators. Additionally, if n, sensors are used for
separate or mixed measurements of displacement and velocity,
then the n, sensor outputs can be represented by

y=Px+Rx ©)

where y is the output vector and the matrices P and R repre-
sent the displacement and velocity influence coefficients,
respectlvely

It is well known that, based on a first-order formulatlon of
the system, it is possible to mathematically define the con-
trollability and observability of the system as?
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V=[B,,AB,,...,A*=1B,], rank (V)=2n o)

W=[CT,ATCT,..., (A7)~ ICT], rank (W)=2n (8)

e el L]
A= , B,= ,C=[P R]
-k —-C | B

Although these rank conditions are conceptually simple, they
may create computational difficulties for systems with many
degrees of freedom.

In the past few years, several studies have been devoted to
developing more efficient conditions by exploiting the special
form of the systems discussed here. In a study by Hughes and
Skelton,? a decoupled form of Eq. (1), i.e.,

where

G+Kq=Bu (9a)
y=Pg+Rg (9b)

where ¢q is the vector of decoupled coordinates, has been used
to find conditions on the controllability and observability of
symmetric conservative systems. Partitioning the vector B ac-
cording to the multiplicities of eigenvalues of the matrix K,
denoted by w;, as .

B; | n; rows

B, |n,rows

=N
1

(n;+n,+...+n,=n)

P

. B

o

n, rows
shows that the system of Eq. (1) is controllable if and only if
rank(Bi) =n;, i=12,...,«a

In addition, the results in Ref. 3 suggest that Eq. (1) is obser-
vable if and only if

. [ AR )
Q= . |.rank (Q;)=2n;,i=12,...,a
w;R; P

where the matrices P, and R, are partitions of P and R,
respectively, according to the multiplicities of w;, just as B was
partitioned. For special cases of Eq. (2), several other
controllability and observability results are given that, in addi-
tion to simplifying the controllability and observability condi-
tions, provide an estimate of the number of actuators and sen-
sors required to control a system.

In another study, Juang and Balas* considered conservative
gyroscopic systems, such as occur in large spinning
spacecrafts. Using a decoupled first-order form of the system,
this study provides a simplified set of controllability and
observability conditions that can also be used to determine the
minimum number of actuators and sensors required for active
modal control of flexible large spinning spacecrafts. The
results in Ref. 4 are applied to the lumped-parameter model of
aradio astronomy Explorer (RAE/B) satellite to illustrate that
only 2 collocated actuators and sensors are needed to control
30 modes of the model.

In a more recent study by Inman and Hsieh,> active control
of pseudoconservative systems is discussed. In this study, it is
suggested that the controllability and observability conditions
developed in Ref. 3 can be extended to this class of systems.

The main object of the present study is to extend the results
on controllability and observability, as proposed in Refs. 3-5,

VOL. 8,NO. 5

to a broader class of systems. The model of a lumped-
parameter system with general types of forces, as shown in
Eq. (4), is considered for this purpose. Next, easily verified
controllability and observability conditions are developed for
such systems. It is shown that these conditions may be more
computationally attractive for high-order systems, since they
replace the rank conditions [Eqs. (7) and (8)] with a number
of lower-order conditions. In addition, they provide a mode-
by-mode analysis of the controllability and observability and
give an estimate of the minimum number of sensors and ac-
tuators required to accomplish control.

Results

The general system described in Eq. (4) can alternatively be
written as

#+Dx+G%+Kx=Bu (10)
where the terms Dx and GX represent the damping and
gyroscopic forces, respectively. For the moment, consider the

undamped case characterized by Dx=0. This allows Eq. (10)
to be presented in a first-order form as

K 0 0 K 0
el Lol e
A -K -G B

where
x
q= [ } - (12
X

is the state vector. Similarly, the output vector in Eq. (6) can
be written as

y=Cq (13)
where '
C=[PR] 14

Assuming the matrix K to be symmetrizable with positive
eigenvalues, i.e.,

K=S;Sz, S1=ST>0, S2=Sg>0 (15)

further simplifies Eqgs. (11) and (13), as shown below

0 K" 0 '
é= e+ u, (16a)
-K* -G B
y=[K=%PR]e (16b)
where
[ K%x ]

1

Here, the matrix K%, defined as the square root of the sym-
metrizable matrix K, can be presented in terms of the factors
S; and S, as .

K” =S} (S{S,5H "8 % o (18)
The validity of K* can be verified by simply considering the
matrix K as presented in Eq. (15) and testing K =K% K*,

It is known that there exists an orthogonal transformation ¢
which transforms the skew symmetric matrix

) 0 K*
A= (19)
-K% -G
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into a real Jordan (Murnaghan) form
=¢TAp=Diag[A,,A,,...,A,] (202)

,a are the direct sum of 2 X2

0 .
‘ [ “ } (20b)
—wj 0

with dimensions of A; equal to 2n where 7; is the multiplicity
of the mode frequency wJ‘ Substi_tuting the decoupled
coordlnates

The diagonal entries 4, j=1,2,...
matrices

z=¢7e ; 21

into Egs. (16) and premultiplying Eq. (16a) by ¢7 results in

Z=Az+Bu (22a)
y=Cz (22b)
"~ where
B=¢"B (232)
C=Co (23b)

and A is as defined in Eq. (20a). Partitioning the matrices B
and' C according to the blocks A4; as

B,
B,

S
1

24

L Ba

where the rows (columns) of B;(C;) are equal to 2n;, yields
the following theorems

Theorem 1. The system of Eq. (10) is controllable if and
only if

1) n.=zmax (n;,n,,:..,n,).

2) The 2n; X 2n;n, matrix

[B;,A,;B;] . 25

has rank 2#;.

Proof: The blocks A; do not share any frequenc1es since
A; is the direct sum of 2% 2 matrices, shown in Eq. (20),
whose squares produce 'scalar multipliers of the identity

mamx i.e.,
Ai=oll (26)
Therefore, according to the theorem 9.3 in Ref. 7, the system

of Eq. (22) is controllable if and only if n,=n; and (A4;,B;) is
controllable, ie.,

rank[B;,A;B;,...,A?~1B;] =2n;

But, due to the special form of Eq. (26), this can be reduced to
rank [B;,A;B;] =2n;

Thus, Eq. (10) is controllable if and only if conditions 1 and 2
are satisfied. '
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Theorem 2. The system of Eq. (10) is observable if and only
if

3) np=max (n;,n,,...,n,).

4) The 2n; X 2n;n, matrix

Cj
is of rank 2n;.

Proof: The proof follows directly from what was stated for
theorem 1.

Effects of Energy Dissipation

Although the preceding theorems were developed based on
an undamped model, they remain valid when the effects of
damping forces, as appearing in Eq. (10), are present in the
system. The addition of the term Dx provides a new coupling
mechanism between modes that may cause the uncontrollable
and unobservable modes with D =0 to become observable and
controllable when D #0. Because of this coupling effect, fewer
actuators and sensors may be needed to establish controllabil-
ity and observability for a sufficiently damped system.
However, when the damping mechanism is weak, it is recom-
mended that controllability and observability be established
based on the undamped model (i.e., D =0) and that the damp-
ing forces be regarded as a secondary influence on these
characteristics.?

The effects of damping on control have been addressed in
many other studies, such as Refs. 3, 8 (theorem 1.3), and 9,
where it is also concluded that such forces can be. ignored
safely in most cases. Consequently, theorems 1 and 2 can ef-
fectively be applied to general lumped-parameter systems as
modeled in Eq. (4). +

Observations

The tests for the controllability and observability of
lumped-parameter dynamic' systems, as viewed by different
authors in Refs. 3-5, have been extended tp include a broader
class of systems in which general forces are present. Although
the approach presented here requires several transformations
to be applied to the system, it establishes a mode-by-mode
analysis, rather than a total system analysis,-of the system and
replaces a single rank condition with a number of lower-order
conditions. The advantage of the latter is most appreciated
when dealing with the analysis of high-order systems, such as
those resulting from large space structures.

An interpretation of this study is that only a few actuators
and sensors may be needed to control a large number of
system modes. The minimum number of sensors and actuators
can be determined by direct examination of the conditions 1
and 3, respectively. For instance, these conditions indicate
that a system with distinct frequencies may be controlled com-
pletely by a single, properly located actuator and sensor,
which is similar to the observation made on the control of
symmetric systems in Refs. 3 and 4.

The presented approach may be programmed for actuator
and sensor placement on a structure. To accomplish this, a
numerical algorithm similar to that presented in Ref. 10 can be
used to transform the physical coordinates to modal coor-
dinates [i.e., decouple the system as shown in Eqs . (22)].
Next, the minimum number of control devices are determined
from conditions 1 and 3 and are located on the structure. If
the rank conditions 2 and 4 are satisfied, then the locations are
acceptable. Otherwise, through an iterative routine, new loca-
tions are chosen and the rank conditions 2 and 4 are checked
until satisfactory results are obtained. It is worthwhile to note
that what is being suggested here is not meant to replace the
designer’s intuition about the location of sensors and ac-
tuators. Instedd, it is intended to enhance that intuition when

. dealing with the difficult issues of active control.
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